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Abstract 


Though  the  Kato  technique  for  obtaining  bounds  on  the  cotangent  of  the 
scattering  phase  shift,  ^j,   is  extremely  general  and  powerful,  an  integration 
must  be  performed  which  can  be  quite  troublesome,  and  some  preliminary,  albeit 
crude,  information  about  ?}>  is  required  before  the  method  can  be  applied.  It 
is  shown  hei^  that  in  the  evaluation  of  the  upper  bound  on  cot  It,  the  integra- 
tion can  often  be  eliminated  without  any  significant  increase  in  the  value  of 
the  upper  bound.  It  is  also  shown  that  the  Kato  formalism  is  often  useful  even 
when  one  does  not  possess  the  necessary  _a  priori  knowledge  of  v^,  j  under  realistic 
specified  conditions,  a  bourei  can  be  obtained  on  ^,   even  when  a  bound  cannot  be 
obtained  on  cot  Ht'  Further,  a  'bootstrap  technique'  is  introduced  whereby  this 
bound  on  Hy  can  be  improved.  The  bound  on  vf^  is  of  interest  in  its  own  right. 
It  may  also  help  to  provide  the  preliminary  information  necessary  for  the 
determination  of  bounds  on  cot  fL  . 

It  is  shovm  that  if  the  potential  V(r)  is  non-positive,  ^^  and/or  IHt  1 
must  be  larger  than  the  Bom  phase  shift  H-t+dj  where  Y\^+   are  the  phase  shifts 
associated  with  tVj  if  V(r)  <  0  and  if  jfTj+l  <  n,  then  cot  ^,^  -  cot  H,  <  2  cot  It^d* 
A  slight  generalization  of  the  Schwinger  integral  variational  principle  gives 
similar  results  for  phases  related  to  V  1  U. 
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1,  Introduction 

Variational  techniques  have  proved  invaluable  in  scattering  theory,  in 
the  evaluation  of  phase  shifts,  for  example.  They  nevertheless  suffer  from  the 
serious  disadvantage,  compared  to  the  corresponding  variational  calculations  of 
binding  energies,  for  instance,  that  they  do  not  provide  a  bound  on  the  phase 
shift.  This  disadvantage  is  most  pronounced  in  problems  of  such  difficulty  that 
one  cannot  guess  at  a  reasonable  form  for  the  trial  function,  though  it  is  precisely 
for  those  problems  that  variational  techniques  are  potentially  most  valuable. 
(We  might  for  example  be  interested  in  a  particular  problem  of  scattering  by  a 
compound  system  vxhich  could  not  readily  be  handled  by  a  machine).  For  a  poor 
trial  function,  the  second  order  error  involved  in  the  variational  calculation 
is  not  necessarily  small.  Further,  there  is  the  disheartening  feature  that  lie 
inclusion  of  additional  parameters  into  the  trial  function  may  give  worse  rather 
than  better  resiilts. 

For  these  reasons,  the  general  and  powerful  (and  elegant)  technique 
introduced  by  Kato'-  -'  for  obtaining  upper  and  lower  bounds  on  cot  (^t  -  ©)  is  of 
considerable  significance.  For  non-relativistic  scattering  by  a  central  field,  Kato 
deduced  the  inequality 

(1.1)       -c-J  6^^  <  k  cot(nL  -  ®)  -  k  cot(r(  3.-  9)  +  Juq/l  ^L  <^^  ^  P&L  4v 


where 


The  generality  of  the  method  consists  in  the  fact  that  there  are  no  restrictions 
on  the  central  potential;  in  principle,  it  can  also  be  applied  to  more  complicated 
problems  such  as  the  scattering  by  a  compound  system.  The  power  of  the  method 
lies  in  the  latitude  that  one  has  in  the  choice  of  the  normalisation,  9,  the 
trial  function,  u^., ,  and  the  weight  factor,  p. 

There  remain  nevertheless  two  disturbing  questions.  The  first  is  the 
practical  question  concerning  the  difficulty  of  performing  the  integration  that 
appears  in  equation  (1.2).  The  second  question,  a  more  serious  one  in  principle, 
is  whether  one  can  in  fact  determine  the  eigenvalues  a^,   and  p^j^,  or  bounds  on 
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Jl],[2] 


them  which  preserve  the  inequality.  Now,  it  is  known^  J>L  i  that  there  is  a  wide 
variety  of  central  potentials  for  which  neither  of  the  two  questions  prove  to  be 
very  serious.  In  these  cases,  the  integrals  are  not  really  too  tedious,  and  it 
is  not  very  difficult  to  obtain  bounds  on  a^,  and  Pq,t  •  On  the  other  hand,  in 
scattering  by  a  compound  system,  for  example,  these  questions  assume  much  more 
serious  proportions.  As  is  not  too  surprising,  other  such  questions  arise  in  an 
attempt  to  obtain  bounds  on  the  phase  shift  for  scattering  by  a  compound  system. 
These  will  be  treated  at  a  later  date.  It  is  more  profitable  to  examine  scatter- 
ing by  a  fixed  potential  first,  but  from  a  point  of  view  such  that  the  results 
will  prove  useful  for  application  to  scattering  by  a  compound  system.  Thus, 
techniques  are  sought  whereby  it  will  not  be  necessary  to  evaluate  the  integral 
in  (1,2),  since  for  scattering  by  a  compound  system  the  integration  of  the  analogue 
of  (1.2)  may  well  be  prohibitively  laborious.  Further,  we  seek  techniques  by  means 
of  which  one  can  obtain  a^_  and/or  p„  with  a  minimum  of  a  priori  infonnation  about 
y^fj ,  or,  assuming  that  one  cannot  obtain  a^,  or  p^, ,  we  seek  any  information  which 
can  still  be  extracted  from  the  Kato  formalism.  (In  the  case  of  a  fixed  central 

potential,  bounds  on  a-,  and  p„-  can  generally  be  determined  by  comparison  of  the 

Til  I2] 
given  potential  with  known  solvable  potentials  ^  J  >  l  j .  ^his  is  not  generally 

possible  in  the  case  of  scattering  by  a  compound  system,  since  there  are  no  such 

realistic  solvable  potentials). 

With  regard  to  the  first  question,  concerning  the  elimination  of  the 

integration,  we  note  that  under  specified  conditions'-  -I  *  L  J  a       ^q   infinite. 

Under  these  circumstances,  for  the  purposes  of  obtaining  an  upper  bound  on 

cot(J^  J   -  9),  the  integration  need  not  be  performed.  The  conditions  include  the 

requirement  that  the  potential  be  of  a  solvable  form  beyond  some  point  a.  We 

consider  for  the  moment  the  simplest  such  example,  that  of  a  potential  which 

[2] 
vanishes  identically  beyond  the  point  a.  This  suggests'--',  for  a  'potential' 

W(r)  which  is  non-negative  but  which  does  not  vanish  identically,  that  one  define 

a  cut-off  potential  W*^(r)  =  W(r)  ^  (a-r),  where  ^  (a-r)  is  a  step  function.  By 

the  appropriate  choice  of  a,  one  can  cause  the  Pqt >  associated  with  W  (r),  to  be 

infinite,  in  which  case  ^tj  the  L-th  phase  shift  associated  with  W  (r),  can  be 

bounded  from  above  without  performing  the  complicated  integration.  Since  VJ(r)  >  W^(r), 

*-    — "C  ^c 

it  follows  that  i^,  >  yj^  ,  so  that  the  bound  obtained  on  »\t  serves  as  a  bound  on 

f\-.  as  well.  While  tliis-  has  been  shown  to  be  a  reasonable  procedure^  -'  in  general, 

there  is  sometimes  a  considerable  loss  in  accuracy,  in  that  it  may  be  necessary  to 

choose  a  rather  small  value  of  a.  The  difference  between  W  and  W^  may  then  be 
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considerable,  in  which  case  even  a  close  bound  on  fj^  will  be  a  poor  bound  on 
rij.     It  will  be  shown  in  Section  3  that  the  introduction  of  a  constraint  on  the 
trial  function,  U£^J  ,  makes  possible  an  increase  in  the  value  of  a,  therebj'' 
decreasing  the  difference  between  VJ  and  W  and  therefore  between  Y^,  and  |\,  , 
and  making  it  possible  to  obtain  a  better  upper  bound  on  rj", .  Since  it  turns  out 
that  the  constraint  on  Ug,  is  almost  always  satisfied  automatically,  there  is  no 
real  loss  of  freedom  in  the  choice  of  u^, , 

Since  there  does  not  seem  to  be  any  way  of  eliminating  the  troublesome 
integral  when  one  seeks  a  lower  bound  on  cot(v\,  -  9),  it  is  only  the  upper  bound 
which  can  ever  be  obtained  relatively  simply.  This  upper  bound  is  of  course  of 
interest  in  its  own  rightj  there  is  in  addition  the  pleasant  feature  associated 
with  the  presence  of  even  only  one  bound  that  the  inclusion  of  more  free  para- 
meters in  the  trial  function  guarantees  an  improved  result. 

It  will  also  be  shown  in  Section  3  that  it  is  still  very  profitable  to 
introduce  the  constraint  on  Ug-  where  one  must  evaluate  the  integral,  or  where 
one  prefers  to  evaluate  the  integral  rather  than  lose  any  accuracy  at  all  by 
introducing  Vr(r),  If,  as  is  usually  the  case,  the  constraint  is  automatically 
satisfied,  one  obtains  an  improved  bound,  as  compared  to  that  given  in  the 
formulation  of  Kato,  without  doing  any  additional  calculation. 

Turning  now  to  the  second  question,  concerning  the  prior  knowledge  of 
yij,   we  assume,  in  line  with  the  previous  discussion,  that  so  little  is  known 
about  Yl,  that  a^,  and  p_,  cannot  be  determined.  Even  though  one  cannot  then  obtain 
a  bound  on  cot(p^j^  -  &),  it  will  be  shown  in  Section  k   that  under  realistic 
specified  conditions,  the  Kato  method  does  give  a  bound  on  )\^   itself.  Further,  a 
'bootstrap  technique'  will  be  introduced  in  Section  5  whereby  this  bound  onr\j 
may  successively  be  improved.  The  boimd  on  l\-r   is  of  course  of  interest  in  its 
own  right;  it  may  also  help  to  provide  the  preliminary  information  necessary  for 
the  application  of  the  Kato  method  to  the  determination  of  bounds  on  cot(yf,  -  ©), 

In  Section  2,  a  property  of  the  Schwinger  integral  variational  principle 
deduced  by  Kato  will  be  used  to  develop  a  very  simple  but  useful  inequality 
involving  the  phases /[,+  associated  with  i^J{r) ,   and  the  Bom  phase  shift.  A 
similar  inequality  is  deduced  involving  phases  related  to  W(r)  i  U(r)  by  starting 
with  a  slight  generalisation  of  the  Schwinger  principle. 
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2.     Equal  and  opposite  potentials 

A,      Phase  shifts  associated  with  t  VI.     y\s3ume  that   the  L-th  phase  shift 
y[j     associated  with  W(r)  >0  satisfies  ^t^  <  it.     Under  these  circumstances,  as 
was  sho;m  by  Kato,  a  bound  on  k  cot  ^f-^^  is  provided  by  the  Schwinger  integi'al 
variational  principle,   that  is, 

(2.1)  k  cot  yi^^  <j  '-,fv\^  dr  -  Jdr  jdr'  v^^  WG^  Wv^^, 

where  the  only  restriction  on  the  trial  function  v^^^Cr)  is  that  it  must 
satisfy 

(2.2)  k"^  jkrjj^(kr)W(r)vL^(r)dr  =  1, 

and  where  the  free  particle  Gr*een'3  function  Gj^(r,r')  is  given  by 

(2.3)  G^(r,r')  =  -k"-Scrjj^(kr)  kr,nj^(kr). 

Assujne  further  that  the  L-th  phase  shift  ^t  associated  with  -VJ(r)  satisfies 
^^     >  -n.  Then,  similarly 

(2.1i)   k  cot  >7j^_  >  [(-''Ov^j^dr  -  jdr  Jdr'  Vj^.(-'-^)Gl(-W)v^_, 

where  the  only  restriction  on  v,    (r)   is   that  it  mst  satisfy 

(2.5)  k"^  rkrJL(kr)[-W(r)]  VL_(r)dr  =  1. 

From  equations  (2.2)   and  (2.5),   it  is  clear  that  it  is  permissible  to  choose 
V     (r)   =  -VT.(r).     If  this  is  done,   it  follows  from  (2.1)  and  (2.U)  that 

(2.6)  coti7L+  -  °°*'^L-  -     ^^""    I  ^^^^  ^  L+^'^^^^* 

where  VT^(r)  satisfies  (2.2).  Equation  (2.6),  which  gives  a  bound  for  one  of 
the  two  phases  if  the  other  is  known,  has  the  pleasant  feature  that  it  does  not 
contain  G, (r,r');  the  question  as  to  whether  it  is  likely  to  provide  a  useful 
bound  remains  to  be  discussed. 

The  choice  of  v^  (r)  will  novr  be  considered.  We  can  write 

(2.7)  cotPfj^^  -  ^°ML-^^hJ' 
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where  the  functional  F[yL+-l   ^^  given  by 

(2.8)         f[Vj^^]     =     2kJ  Wv^L+^r[fkrjj^(kr)WL^dr]"^, 

and  where  there  are  now  no  restrictions  whatever  on  VT_^(r).  If,  in  the  denom- 
inator, we  use  the  fact  that  W(r)  >  0  to  write  W(r)  =  VT  (r)¥^  (r),  an  applica- 
tion of  Schwars'  theorem  gives 


[f  krjj^(kr)WVj^^drJ^  <  [krjj^(kr)]^  Wdr  1  W^^^^  dr. 


It  then  follows  that 


(2.9)  f]v^;\   >  2k  <|[krJL(kr)]2wdr>  "^  =  2  cot^j.^^  =  -2  cot  Yl  ^_^, 

where    Y1  is  the  L-th  phase  shift  for  +W  in  the  Bom  approximation.     On  the 

other  hand, 

(2.10)  fFvj^^  =  krJL(kr)1      -     2  cot  )^  ^^^. 

It  follows  from  equations  (2.?),  (2.9),  and  (2.10)  that  once  one  has  chosen 
v,_(r)  =  -v,_j_(r),  the  best  possible  choice  for  "fj  +  M   is  krJT(J<^r).  In  summary, 
we  see  that  if  W(r)  S  0,  if  f[j^  <  n,   and  if  r[j^  >  -n,  then 

(2.11)  cot  rfj^^  -  cot  ?[j^_  <  2  cot  ^l+b* 

One  might  expect  the  bound  given  by  (2.11)  to  be  exceedingly  poor, 
because  of  the  choice  v,  (r)  =  -Vj_^_{t)»     Actually,  due  to  the  presence  of  the 
Green's  function  in  the  Schwinger  variational  principle,  it  is  somewhat  mislead- 
ing to  think  of  v,_^(r)  and  v,_(r)  as  the  trial  functions.  Thus,  the  trial 
functions  in  the  Kato  formalism  which  give  rise  to  the  Schwinger  variational 
principle  are 

(2.12)  u^L±^^^  "  cot)tj^^krjj^(kr)  +  JGj^(IW)  v^+dr' . 
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Then,  with  v,_^(r)  =  krj-r(kr)  =  -Vt  (r),  we  have 

(2.13)   u^Li(r)  =  cotriL+  ^rj^Ckr)  +  jGj^(r,r' )W(r' )kr' j^Ckr' )dr'. 

The  choices  of  ff,     and  /7t  ^r®  each  completely  arbitrary,  so  that  there  can  be 
considerable  difference  between  u  , ^  and  u  t  .  More  important  is  the  fact  that 
if  ^j     and  I^t^I  are  not  too  large,  u  ,_|_  and  u  ^  should  be  fairly  reasonable 
trial  functions.  (It  is  to  be  noted  that  if  J^t^.  and  |  )7t  I  ^re  less  than  ^n, 
cot  T[,     and  cot  '7-,  will  be  of  opposite  sign,  so  that  the  'correction  terms' 
involving  the  integral  appear  in  (2,13)  for  ^-oL+  ^"^  ^oL-  ^"  effect  with  opposite 
signs,  as  they  should).  Equation  (2.11)  should  not  therefore  give  too  crude  a 
bound  for  rf,     and  \r^,    \   not  too  large.  As  examples,  we  have  plotted  in  Figure  1 
the  bounds  on^  and  the  exact  values  of^  cot  rf,  +  -  cot  rf^     for  the  case  of  a  square  well 
for  a  few  sets  of  values  of  the  parameters.  It  can  be  seen  that,  qualitatively, 
the  bound  becomes  crude  only  when  r^,  ^  or  Iff-r  I  is  of  the  order  of  —tu 

When  equation  (2,11)  is  valid,  f{.^   of  |jf^  |,  or  both,  must  be  larger  than 
^L+B*  ^■^"*'®?L+B  ^^  defined  by  (2.9)  is  less  than  n,  (in  fact  it  is  less  than 
i),  it  follows  without  any  prior  information  about  ^t+  °r  I^t_I>  "that  if  W(r)  >  0, 
then  at  least  one  of  V^t  +  and  I^Ft  I  must  be  larger  than  ^  T+p« 

B.  Phase  shifts  associated  with  W  J:  U.  The  above  results  can  be 
generalized  somewhat.  Let  W(r)  be  a  solvable  'potential';  in  particular,  let 
the  phase  shift  f^,  ,  the 'absolute  normalization'  solution  fT(r),  and  the  (irregular) 
solution  gj(r)  which  has  the  asymptotic  form 

(2.1U)   gL(r)  -*►  -cos(kr  -  |  Ln  +  ff^) 

be  known.  Let  the  L-th  phase  shifts  associated  with  W  +  U  be  )7t  +  /\y^t,   » 
respectively.  (The  ^"Wt+  are  of  course  not  the  phase  shifts  associated  with  +  U)» 
No  assumptions  are  made  regarding  the  relative  magnitudes  or  ranges  of  W  and  U. 
We  seek  a  simple  inequality  of  the  form  of  equation  (2,ll)  which  involves  the 

A'^Li  • 

Kato  determined  bounds  not  only  for  phase  shifts  but  for  'additional 

phase  shifts'  of  the  type  /\y) ,  + .     If  U(r)  >  0,  (no  such  assumption  must  be  made 
for  W(r)),  and  if  /^Y)t+  "*•  ">  ^^e  choice  p  =  U  and  9  =  0  gives  ^qj.   =  1>  and  the 
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WqO^  (Curves  A,A',C,C') 

Figure  I 

t'  comparison  of  cot  r\^^  -  cot  7^^^  (the  solid  curves)  with  its  upper  bound,  2  cot^f^L+B 

(the  dashed  curves),  for  the  case  of  a  square  well  of  strength  W^  and  range  a. 

5T       and  V),        are  the  exact  phase  shifts  associated  with  ±W  and  the  Bom  approxima- 
^L±  'L+B  .      T,  J  n 

tion  phase  shift,   respectively.     The  values  of  L  and  of  ka  for  curves  A,  B,  and  C 

are  L  =  0,  0,  and  1,  and  ka  =  5nA,  IOjt,   and  2,  respectively.     The  plus  and  minus 

signs  on  the  graph  represent  the  points  at  which  rf^^^  =  ^n  and  at  which  Yij^_  =  -  g"- 
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bound  becomes 


(2.1^)   k  cot  A  ^L+  ^  ^  ^°^  A^L+  -  I  "OL*'^  L+  "0L+^^  *  /^"^^  L+"oi>^^)^ 
where 

or  r 

and  where  the  trial  function  "O-qj     must  vanish  at  the  origin  and  must  have  the 
asymptotic  form 

(2.16)  Uqj^^  ->  cosCkr  -  ^L  n  +  r[j)  +  cot  A^L+  sin(kr  -  ^n  +  n  ^), 

Choose 

(2.17)  ^j^^.M  =  cot^nLJL(r)   +  J  SL(r,r' )U(r' )vj^^(r' )dr', 

where  the  Green's  function   C?,    is  given  by 

(2.18)  5i,(r,r')  -  -k"^  1j{t^)  ij^(r^  ), 

and  where  the  only  restriction  on  v^^  is  the  normaliisation  condition 

(2.19)  k'^  J  7j^(r)  U(r)  Vj^^(r)dr  »  1. 
Equation  (2.l5)  then  becomes 

(2.20)  cot  A  ^L.  ^^^  j  ^^i^dr  -  jvj^^USLUvL^dr)(  jvl^v^dr)'^ . 

The  rj.ght  side  of  (2,20)  is  a  slight  generalization  of  the  Schwinger  integral 
variational  expression  for  the  phase  shift.  It  does  not  seem  to  have  appeared 
in  print,  though  the  corresponding  generalization  of  the  Schwinger  integral  variational 
principle  for  the  scattering  amplitude  has  been  given  (cf.  for  example  l3_|)« 

Equation  (2,20)  will  not  in  fact  often  be  useful  as  it  stands,  due  to  the 
presence  of  the  Green's  function.  It  can  be  of  use,  however,  when  employed  in 
conjunction  with  the  corresponding  bound  on  cot  A  ^t  which  arises  if  A  *1t-.  ^  ""* 
The  latter  bound  involves  the  trial  function  v,  which  must  satisfy  the  normaliza- 
tion  condition 
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(2.21)  k"-"-  j  fj^(-U)v^_dr  -  1. 

With  the  choice  v^  =  -v,  ,  which  is  consistent  with  equations  (2.19)  and  (2.21), 
equation  (2.20)  and  its  analogue  give 

c°*  A  n  L+  -  ^°^  A  n  L-  ^  2k  ( |uv\^dr)(  ji^^v^^drr^. 

An  analysis  identical  to  that  of  subsection  ^   shows  that  once  one  has  chosen 
V,  =  -V-  ,  the  best  possible  choice  of  v^^  is 

so  that  finally 

(2.22)  cot  /^  v[l+  -  c°*  a  ^  L-  -  2^^  J  "^\  dr)"-"-. 

Equation  (2.22)  is  clearly  a  generalization  of  (2.11),  reducing  to  it  for  W  +  U  ->  +  W, 
that  is,  for  W  ->  0  and  U  ->  W).  Note  that  if  (2,22)  is  to  be  used  but  (2.20)  is 
not,  it  is  not  necessary  to  find  g,(r). 

Equation  (2.22)  can  be  expected  to  give  a  useful  bound,  if,  roughly  speak- 
ing, ^  f^T  and  \/\r(T    I  are  each  rather  less  than  -^n  .  The  argument  is  the  same 
as  that  which  follows  (2.1l). 

Equations  (2,11)  and  (2.22)  have  the  virtue  that  the  bounds  are  simple  to 
calculate,  for  they  do  not  involve  the  Green's  function,  and  yet  the  bounds  differ  from 
the  true  value  by  a  second-order  term,  since  they  arise  fixsm  variational  forms. 


3.  Introduction  of  -p_^ 

A,     Advantage  of  introducing  pPoL*  ^^  definition,  -[3^,  is  that  negative 

eigenvalue  n  ,,  which  is  smallest  in  absolute  magnitude,  so  that 
m  Jj 

(3.1)   (-^^InL^'■'■  -  %L^''^>   ^°^  all  m. 

(The  value  of  m'  depends  upon  the  problem  under  consideration.)  The  second-order 
error  term  in  the  Kato  variational  principle  is  given  by 

'h   factor  of  k  is  missing  from  some  of  Kato's  formulae,  but  not  from  any  of  his  ■ 
final  results. 
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(3.2)  f  gL^L^eL-^r  -  k  Z„,(-^^ni.)"^^ni' 


where  w  is  the  diffei«nce  between  the  trial  function  and  the  exact  function, 
where 

(3.3)       Z/„i  =  ^"^/p"^(«^LV^d^  =  ^"^^'»L'  -      . 

and  where 

(3.U)  b^  =  k-1  J  /^«Cj^u^L<^ 

(3.5)  =  -H^k-1  /  %L^^nL^^- 

The  0  J  are  the  eigenfu net ions  of  the  associated  eigenvalue  problem.  It  follows 
that 

( 


3.6)   J  w^j^otj^  ^j^dr  <  %^r^  j  p-^  (X 3.u^j^)2  dr. 


It  will  be  shown  later  that  it  is  often  possible  to  choose  the  trial 
function  Ur,^  in  such  a  way  that  b  ,,  »  0,  (This  is  certainly  not  always  possible, 
for  one  cannot  generally  solve  for  0  ,•,),  In  those  cases  for  which  b  ,,  =  0, 
equation  (3.2)  becomes 


( 


3.7)   J  w^L'^L  ^9L^^  =  ^  Z  (-^^mL^'^^mL' 


where  the  prime  on  the  siim  denotes  the  exclusion  of  the  value  m  =  m',  while 
equation  (3.3)  becomes 

(3.8)    2:'b2^  =  k-ijp-i(,£,u,^)2*. 

We  now  define 

(3.9)  2P9L  =  -V-1,L  ' 

so  that  -ppQT  is  the  negative  eigenvalue  which  is  second  smallest  in  absolute 
magnitude,  whence 

(3.10)  ("l^ni^"'''  -  (2^01^"''"'  '"?^"»'' 
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and  it  follows,   if  b   ,,    =  0,    that 

(3.11)         jw^L^L^L^^     ^     (2WVp"^(°fL^9L)^^^- 

There  are  three  quite  different  possible  advantages  associated  with 
(3.11)  as  opposed  to  (3.6). 

(a)  There  is  the  simple  fact  that  pPqt   is  larger  than  P-., 

(b)  In  the  replacement  of  W(r)  by  a  cut-off   'potential',  W*^(r),  which  enables 
one  to  drop  the  difficult  second-order  error  integral,   it  will  be  possible  to 
choose  a  larger  value  of  the  cut-off  point  a. 

(c)  There  are  circumstances  for  which  pppr    is   infinite  while  Pg,   is  finite. 

Examples  of  these  three  cases  will  be  treated  in  sub-sections  C,  D,  and  E, 

respectively.     Firstly,   however,  we  will  demonstrate  with  an  example  that  there 

are  in  fact  cases  for  which  one  can  arrange  to  have  b   ,,   =0, 

m'L 

B.  Possibility  of  introducing  ppQ-r .  There  exists  one  particularly 
important  case  for  which  it  is  trivial  to  solve  for  0  ,t,  namely,  that  of  a 
non-negative  W(r)  whose  L-th  phase  shift  is  less  than  n.  For  the  choice 
p  "  W  and  &  =  0,  a  solution  of  the  associated  eigenvalue  problem  which  satisfies 
the  necessary  boundary  and  noimalization  conditions  is 

(3.1?)  ^.^  '  9^oL  -  ^  ^""k^^^^ ' 

where  the  dimensionless  constant  N  is  determined  from  the  relation 
(3.13)   k"^  J  [n  krJL(kr)j^  W(r)dr  =  1. 

(In  this  case,  P  tr  =  PqL  *  ~^L  *"  "^^   ^^^   2^0L  "  "'^-1  L  ^^   greater  than  one). 
It  follows  from  equation  (3.5)  that 

(3.1U)   b^.j^  =  bpj^  =  k-^  |(uqj^  -  ^^)  W  krJL(kr)dr. 

It  is  then  a  consequence  of  the  relation 


(3.15)      j  Uql^  krJL(kr)dr  =  k, 
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which  is  jvLst  the  usual  exact  expression  for  k  sin  ij",,  written  with  ©  =  0 
normalization  rather  than  absolute  normalisation,   that  b   .^   =  b^,   =  0  if  Uq, 
satisfies 


(3.36)         I  Upj^W  krjj^(kr)dr  =  k 


as  well  as  the  usual  boundary  conditions.     Equation  (3.16)  is  to  be  satisfied 
by  adjustment  of  the  parameters  contained  in  u^, .      (Alternatively,   it  is  possible 
to  choose  a  trial  function  v^,  which  satisfies  the  necessary  boundary  conditions, 
and  then  to  subtract  from  v^-   that  component  which  is  not  orthogonal  with  weight 
factor  p  =  W  to  0QT)   i.e.,   to  set 

"OL  "  ^OL  "   [NkrJL(l<r)I[-N  +  Nk"^  j  v^j^W  krjj.(kr)drl. 

This  trial  function  satisfies  (3.16)   and  the  boundary  conditions  automatically, 
i.e.,  without  adjustirent  of  any  parameters,  but  it  may  be  unwieldy.) 

It  is  important  to  recognise   that  the  constraint  imposed  upon  Uq^   by 

(3.16)  is  not  an  unnatural  one;  on  the  contrary,   as  seen  from  (3.15),   the  exact 
function  uL,   satisfies  precisely  this  condition.     Furtheimore,   for  a  very  natural 
choice  of  the  foim  of  vu,   and  for  some  very  natural  methods  of  determining  the 
constants  which  characterize  u^,,  equation  (3»l6)  will   automatically  be  satisfied. 
In  particular  if  we  write 

(3.17)  "oL^r)   =  coti^j^  krjj^(kr)  +  \M , 

where  Y,  satisfies  the  necessary  boundary  conditions  and  depends  upon  various 
constants  C.  but  not  on  cot  ^^j,  and  if,  following  Kato,  we  choose  the  C^  and 
cot  yL   by  minimization  of 


(3.18)    e^L^  =  j  p-Hlj^  n^j^fdr, 


2 

minimization  of  e^-   with  respect  to  cot  '?,.  can  readily  be  shown  to  lead  to 

(3.16),  for  p  =  W.  similarly,  for  a  trial  function  of  the  form  given  by  (3.17), 
minimization  of  the  entire  expression  for  the  bound  on  k  cot  ^^  can  also  readily 
be  shown  to  lead  to  (3,16).  The  latter  case  includes  the  special  case  for  which 
ppQT  is  infinite. 
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C.   p^j^  larger  than  p^j^.  If  0  <  p  -  W  <  b/r  ,  and  if  ff^^  <  9  <  n,  it 
has  been  shovm  previously'-  -l*'-  J  that 

(3.19)     P9L  -  ^  *  ^""^^^  ■  ^^"■^^^^  -  2Bn'^   +  2L). 

Under  these  circtmistances,  the  evaluation  of  a  bound  on  ^Pq^  consists  of  the 
detenmination  of  that  value  of  [i   for  which  the  L-th  phase  shift  associated  with 
[(1  +  M-)ti  -  L(L  +  l)]r   is  n.  This  corresponds  to  the  case  17*,  <  9  with  9 
approaching  zero,  so  that  from  (3.15 )j  if  0  <  p  =  W  <  b/r  and  if  vf^^  <  n, 

(3.?0)    2P0L  -■'■■'  ^""^^^  *  ^^* 

pPqt  is  at  least  as  large  as  Pgj^,  and  can  be  considerably  larger  for  9  not  too 
much  smaller  than  n. 

For  a  trial  function  of  the  form  given  by  (3.3  7),  with  the  parameters 
determined  as  discussed  above,  it  is  obviously  preferable  for  9=0  normalization 
to  use  pPj-,j  rather  than  Pq,  ,  since  one  has  the  same  trisl  function  in  each  case 
and  pPq,  is  greater  than  p,.,. 

Though  it  is  not  quite  so  obvious,  it  is  sti].l  true  that  for  such  a  trial 
fn.nction  it  is  preferable  to  use  ^Pot  rather  than,  for  example,  p^ /g  j^.  To  see 
this,  let  the  upper  and  lower  bounds  on  k  cot  ff,  as  determined  by  Kato,  equation  (1.1 ), 
for  9  ^  n/2  normalization,  be  denoted  by  ub  and  jib,  respectively,  and  let  UB  denote 
the  upper  bound  as  determined  with  the  use  of  pPnr  •  "^hen 


(3.21)   UB  =  k  cot  n^  -  J  Uql«C  L  ^OL^^  *  2^'^ 


e2 

OL  OL' 


or 

(3.22)   UB  =  ub  -  (k  cot  Ylj^   -  ub)^(ub)"-^  -  ^^0L^P"\/2  L  "  2^"'''oL^* 

The  use  of  ©  =  Tt/2  normalization  is  permissible  only  for  ^^  "^  ti/2,  in  which  case 
k  cot  y(,    (  and  therefore  ub)  is  greater  than  zero,  so  that  UB  is  in  fact  a  better 
bound  than  ub.  While  the  difference  between  them  is  only  of  second  order,  this 
difference  may  well  be  significant  for  those  difficult  problems  for  which  one 
cannot  readily  obtain  a  good  trial  function. 

^s  a  concrete  example,  consider  the  evaluation  of  bounds  on  Y)^   for 
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(3.23)         W(r)  =  (2/a^)[(ayr)  +  llexp(-2r/a^), 


the   'static  hydrogen  potential'   analyzed  by  Kato,     He  showed  that  W  <  0,5871r     , 
and  chose  as  his  trial  function 

(3.2U)       UqqCt)  =  cos  kr  +  cot  V?q  sin  kr  -   [l  +  C^(r/aQ)]exp(-2r/aQ), 

which  is  of  the  form  of  (3.17).     If  the  trial  function  is  simplified  by  setting 

C,    =  0,   it  is  found  for  k  =  0  with  9  =  n/2  normalization  that  Y  =  k  cot  >](-)=  0,12^ 

and  that 

k  cot  r^Q  <  0,1096  -  ub, 

irtiile  9  =  0  normalization  and  the  use  of  _Pq_^  =  11,22   (as  compared  to  p    /p     =U.U07) 
give 

k  cot  T^  Q  <  0.3070  =  UB. 

It  is  known  from  Kato's  work  that  for  k  =  0 

0,10^     <    k  cot  ^Q  <  0.10598. 

Taking  the  most  unfavorable  case,  that  is,  assuming  that  k  cot  ^q  =  0.01^60,  we 
find  that  the  difference  between  UB  and  k  cot  fT-j  is  only  one -third  of  the 
difference  between  ub  and  k  cot  ir-.  even  though  the  calculations  of  UB  and  ub 
are  essentially  identical  in  that  the  trial  functions  differ  only  in  normalization. 
The  values  of  ub  for  the  trial  function  given  by  (3.2U),  with  C,  and 

cotvj^  adjustable,  have  been  tabulated  by  Kato  for  a  number  of  values  of  k.  Since 

2 
he  also  tabulates  Y  "  k  cot  A^,   and  e^-.^  ,  the  values  of  UB  can  be  determined 

immediately  from  (3.22).  (Normally,  of  course,  one  would  determine  UB  from  (3.21).) 

As  was  noted  above,  the  difference  between  UB  and  ub  is  of  second  order,  and  since 

we  are  now  using  a  rather  good  trial  function,  the  improvement  in  UB  over  ub  is 

not  so  great.  Even  so,  for  the  least  favorable  assumption  as  to  the  true  value 

of  k  cot  IT-.,  the  improvement  is  about  iS  /o   and  is  somewhat  larger,  as  one  might 

expect,  for  the  value  ka,.  =  1  for  which  ub  -  i.b  is  largest,  that  is,  in  the  region 

for  which  the  trial  function  is  least  adequate  (see  Table  I). 
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Table  I 
Comparison  of  upper  bounds  on  k  cot  f  .     ub  is  determined 
from  equation  (l.l),  while  the  determination  of  UB  depends 
upon  the  introduction  of     Pqq.       ib  is  a  lower  bound. 


^% 

ib 

ub 

UB 

0 

0.10560 

0.10598 

0.10592 

0.068 

0.10917 

0.10952 

0.1D9h7 

0.136 

0.11982 

0.120C8 

0.120C'li 

0.?72 

0.16186 

0 .16192 

0.161 91 

0,38U 

O.21629 

O.21632 

O.2I632 

0.608 

o.37)nii 

0.37U68 

0.37U55 

1.000 

0.78278 

0.786h3 

0.7856U 

D.     Increase  of  the  cut-off  point,   a.     If  ^f^  <  8  <  n,   and  if  W(r)   is 

non-negative  forr>a  =  k~(7i-©),   then  a  lower  bound  on  ^^  is  provided  by 

— C 
the  determination  of  a  lower  bound  on  rj^,   the  0-th  phase  shift  associated  with 

Vr(r),   the  latter  being  merely  W(r)  but  cut  off  at  the  point  a,   and  for  which 

the  calculation  is  greatly  simplified  since  p^^  »   00.     If  W(r)  is  non-negative 

for  all  r,   and  if  yf^  <  n,  the  introduction  of  pPgo  sH°ws  one  to  choose  a  »  k     n, 

which  is  considerably  larger  than  the  value  a  =  k     (n  -  9)   for  &  not  too  small  . 

Before  proceeding  to  an  actual  application,   it  will  be  shown  that,  as 

could  be  expected,  the  increased  value  of  a  can  mean  a  considerable  reduction  in 

the  error  introduced  by  cutting  off  W(r)   at  r  =  a,   i.e.,   a  considerable  reduction 

±n  t\^  -  ri^.     The   'potential'   given  by  (3.23)  will  again  be  considered,   for  L  =  0. 

The  exact  expression  for  y^-.  -  K|-.  is  given  by 

00 

(3.25)         k  tan  (?[q  -  pj)     =     f    W  u^  ^  dr, 

a 

where  lu   and  u^  are  the  exact   'absolute  normalization'   solutions  for  W  and  w  , 

respectively.     If  £  is  sufficiently  large,   then  yj*Q  «  ^,  u5   «  iL   ;:«   sin(kr  +%)> 

and  r  can  be  replaced  by  a  in  the  integrand  except  in  the  exponential.  (The 

exponential  is  rapidly  varjrlng  and  7[    is  not  too  close  to  a  multiple  of  n/2  for 

the  values  under  consideration).  Equation  (3.25)  becomes 
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r^Q     -    fij    f^  sin 


^  -^•~2(ka  +  rfQ)[(ka)"^  +  (kaQ)"^Jexp(-2a/a^). 


Since  »?    <  Tt/2  for  all  k  for  this   'potential''-^,   it  is  permissible  to  set 
©  =  Ti/2  »  ka  or,  with  the  introduction  of  ^Prip,,   to  set  &  =  0  and  ka  =  n.     Using 
y,L.^  ^^^„^^  .^^^^c         of  T^Q,  one  finds  the  results  shown  in  Table  II,     It  is  clear 
that  while  either  method  is  quite  adequate  for  the  values  of  ka_  iinder  considera- 
tion,  accurate  results  can  be  obtained  for  somewhat  larger  values  of  ka-  only  with 
9=0  normalization. 

Table  II 
Error  introduced  by  cutting  off  the  potential, 
h  comparison  of  the  difference  between  the  ti^e  phase  shift, 
7J  ,   and  the  phase  shift  for  the  cut-off  potential,  f?^,   for 
L  =  o  scattering  by  the  potential  given  by  equation  (3.23)> 
for  the  choices  9  =  n/2  and  9=0,   respectively.     The  latter 
choice  is  possible  only  with  the  introduction  of  -Pqq.     The 
symbol  a(-b)  represents  a  x  10"  . 

ka^  0      0.068        0.136        0.272        0.38U      0.608      1,000 

?j^-  "^c,  e  -  n/2      0      1(-19)       U(-IO)       l(-6)         2(-U)       U(-3)       3(-2) 
yj^-rX^^,  ©.0         0       U(-UO)       )4(-20.)       3(-10)       2(-7)       U(-5)       2(-3) 


The  use  of  a  cut-off  potential  with  9=0  normalization  will  then 
introduce  a  smaller  error  than  the  use  of  a  cut-off  potential  with  9  =  n/2 
normalization,   for  instance.     The  question  of  whether  9=0  normalization  is 
simple  to  apply  will  now  be  examined  by  considering  L  =  0  scattering  by  the 
attractive  exponential  potential 

W(r)  =  Wq  expC-r/r^). 

(This  is  a  solvable  problem,  and  it  will  be  possible  to  compare  our  results  with 
the  exact  values).  For  "^qJCq  <  2,  comparison  with  the  solvable  Hulthen  potential 
shows  that  vf^  is  less  than  n/2  for  all  k.  We  can  then  cut  the  potential  off  at 
r  =  a  =  n~  K,  and  choose  as  our  trial  function  for  r  <  a 
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vuQ(r)  =  cot  >?Q  sin  kr  -  sin  ^l<r  +  c  C  sin  nkr, 

while  for  r  >  a  we  must  have  an  exact  solution 
u  (r)  =  cot  )?Q  sin  kr  +  cos  kr, 

where  cot  i^^  is  arbitrary,  but  where  the  C  must  satisfy 
e^(-l)^  C^  -  0 

in  order  to  satisfy  continuity  in  slope  and  value. 

2  — 

For  kr^  =  W^r^  »  1,  the  true  valiie  of  cot  fU   is  2, 37 J  setting  C  =0, 

variation  of  cot  17^^  leads  to  cot  v^  <  cot  "  q  <  2.79,  while  setting  C^  =  -kO^   and 
C  =  0  for  n  greater  than  2  leads  by  variation  of  cot  ">?(-.  and  of  C,  to 
cot  ^Q  <  cot  Tiq  <  2.56.  As  was  noted  earlier,  the  subsidiary  condition  imposed 
by  equation  (3«l6)  is  automatically  satisfied  in  these  calculations.  (One  readily 
finds  from  (3*25)  that  yJq  -  "yXq  ii^  0.00$5,  so  that  it  would  be  exjiected  but  not 
guaranteed  that  cot  Hq  =  cot(y^  ^  +  Ff^  -  "^oP  would  be  less  than  2.^2).  Further 
improvements  on  the  bound  could  of  course  be  effected  by  the  inclusion  of  more 
non-vanishing  coefficients  C  . 

^*  2^&L  ^^^^''^^'t'Q  while  p^,  finite.  The  cases  treated  thus  far  have 
specifically  assumed  that  W(r)  is  non-negative  and  that  it  can  be  sliown  that 
the  phase  shift  of  the  angular  momentum  under  consideration  is  less  than  n. 
The  following  two  examples  will  show  that  these  are  not  inherent  limitations 
of  the  method.  These  examples  will  at  the  same  time  show  that,  as  was  asserted 
previously,  there  are  in  fact  cases  for  which  J^^j   is  5.nfinite  v/hile  p^.,  is 
finite. 

Thus,  assume  again  that  W(r)  is  positive  for  r  <  a  and  vanishes  for 
r  >  a,  but  let  it  only  be  known  that  ©  <  »Tt  <  "  +  ©  and  that  -n  +  9  <  »|^. 
For  the  choice  p  =  W,  p^,  is  finite  and  one  cannot  solve  for  <^  ,,   =  0  -  so 
that  one  cannot  introduce  oPaT'  ^^  *^  difficult  second-order  error  integral 
would  have  to  be  evaluated.  We  can  however  choose  p  =  W  -  w  ,  where  W^  >  0 
is  a  square  well  (with  range  less  than  a)  and  where  W  >  Vr,  The  associated 
differential  equation  introduced  by  Kato  is  readily  solvable  for  (o.  =  -1,  being 
simply  the  equation  for  a  square  well  potential.  For  those  cases  for  which  it 
is  possible  to  choose  a  W^  which  satisfies  W  <  W  and  for  which  the  phase  shift 
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associated  with  w  and  therefore  with  the  then  known  function  0^,  is  9,  the 
choice  of  a  trial  function  which  satisfies 


^rn'L  =  ^OL-^"  J  ^©L*^L"eL^^=^ 


enables  us  to  introduce  pPar*  which  is  now  infinite,  thereby  avoiding  the 
difficult  integration. 

As  an  example  of  a  case  for  which  W(r)  need  not  be  non-negative,  let 
the  only  condition  on  W(r)  be  that  it  vanish  for  r  >  a.  Let  it  be  known  that 
&  -  Ti  <  y^T  <  9,  and  that 

e  -  2n  <  0°°  <  9  -  n . 
L 

Choose  p  =  W  +  Vr,  where  Vr  >  0  is  a  square  well  of  range  <  a  such  that  W  +  Vr  >  0. 
For  those  cases  for  which  it  is  possible  to  choose  w  such  that  the  L-th  phase 
shift  associated  with  (-Vr )  is9-Tt,0^  j   is  known,  and  if  u^,,  is  chosen  such 
that 


^m'L  "  ^1,L  =  ^'^  J  ^-1,L°C  L  "&L  ^^  ^  °' 


we  have  pp^y  =  oo.   (If  W(r)  >  0,  it  will  always  be  possible  to  choose  such  a  w  ), 

Formally,  one  can  impose  two  subsidiary  conditions  on  the  trial  flinction, 

namely,  b  ,,  «=  0  and  b  ,_^  ,  =0,  and  introduce  •apQT.  While  this  would  be  very 

useful,  the  subsidiary  conditions  can  be  satisfied  only  if  one  can  determine 

both  (j(  ,y   and  ^  ,  t   rs   and  this  does  not  seem  to  be  possible. 
m'L     m'— ±,L' 

It  will  occasionally  be  useful  to  introduce  o^qt ,  the  advantage  being  of 
the  kind  discussed  in  subsection  C  above.  Unlike  the  case  of  oPar'  however,  this 
will  never  produce  the  major  improvement  of  eliminating  the  difficult  second- 
order  error  integral,  for  one  can  never  have  2°'qi   "'   *^» 

U,  Phase  shift  inequalities 

It  is  an  unfortunate  feature  of  the  Kato  formalism  that  a  certain  amount 
of  (crude)  information  about  Y^,  is  required  before  one  can  proceed  to  the  determina- 
tion of  close  and  useful  bounds  on  cot(yfT  -  9).  (The  information  is  essential  to 
the  evaluation  of  a„-  and  p^, .  Roughly  speaking,  tL^  must  be  knovm  to  within  an 
interval  of  n).  This  can  be  quite  disturbing,  for  the  Kato  method  is  potentially 
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most  useful  for  precisely  those  very  difficult  problems  for  which  one  is  not 
likely  to  have  the  requisite  information,  crude  as  that  information  need  be* 
It  is  therefore  satisfying  to  note  that  at  least  limited  use  can  be  made  of  the 
Kato  formalism  even  when  there  is  no  such  prior  informationj  in  particular,  one 
will  often  be  able  to  obtain  a  bound  on  JT-,  even  when  one  cannot  obtain  a  bound 
on  cot(r[,  -  9), 

Assume,  for  example,  that  W(r)  is  non-negative,  so  that  A,   >  0,  Kato 
showed  then  that  if  ffj  <  "li 

"*"        Li 

(U.l)  cot  >fj^  <  cot     \(S), 

where  cot  >|,(s)  is  the  Schwinger  variationa3.  expression  defined  by  the  right 
side  of  equations  (2.1)   and  by  (2,2),     Ifowever,  with   y\.-,(S)   chosen  to  lie  between 
0  and  n,   the  requirement  that  r\^  be  less  than  n  is  entirely  irrelevant  in  the 
determination  of  a  bound  on  ff,   from  (U,l).     To  see  this,  we  note  that,  obviously, 
either  ^t  >  n  or  ffr  <  n.     In  the  latter  case,   (U.l)  is  valid,   and  it  follows  that 
^T   >   nT(s),     In  the  former  case,  it  is  certainly  tnie  that  ff,   >  '^•.(S).     It  there- 
fore follows  for  W(r)  >  0,  without  any  prior  knowledge  of  ff^  y  that 

(U.2)  f[j^  >    17^(S). 

On  the  other  hand,  one  can  not  say  that  (U,l)  is  valid  unless  one  knows  that 

Equation  (U,2)  is  in  itself  useless  with  regard  to  immediate  application  to 
a  cross  section  calculation,  for  it  places  no  limit  on  sin  7{j .  However,  it  can  be 
of  interest  in  and  of  itself.  Further,  it  raises  the  lower  bourri  on  ffj   from  0  to 
y\-(s),  so  that  if  one  has  some  upper  bound  on  Z^, ,  one  may  in  fact  have  narrowed 
the  range  of  possible  values  of  ff^  to  a  width  less  than  nj  finally,  if  the  width 
is  still  not  less  than  n,  it  wi].l  be  shown  in  Section  5  that  a  modified  reapplica- 
tion  of  the  above  technique  will  often  enable  one  to  raise  the  lower  bound  still 
more. 

Equation  (U.l)  is  a  very  special  result  of  the  Kato  formalism,  correspond- 
ing to  9  =  0  normalization  and  essentially  to  a  particular  form  of  trial  function. 
More  generally,  it  follows  for  W(r)  >  0,  if  Y},  <  9  <  n,   in  which  case  the  choice 
p  =  W  leads  to  p^.  >  1,  that 
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(U 


.3)       k  cot(rf^  -  9)  <  k  cot(r|^  -  ^^"  J^eL^L  ^L^^  *   F"'''^°^L^L^^'^^' 


Again,   it  may  be  possible  to  deduce  a  useful  bound  on  i^,  without  the  knowledge 
that  ffj   <  9  <  TT,   for  either  xf,  >  9  0Tr}j<9.     In  the  latter  case,    (h.3)   is 
valid,  and  since  -n  <  ?lj   -  9  <  0,  we  are  led  to  a  result  of  the  form  f^y   -  9  >  -3, 
where  0  <  B  <  Tt.     (This  is  a  useful  result  only  if  B  is  less  than  9,    for  we  knew 
at  the  outset  that  7L  was  positive).     If  f^T   is  greater  than  9,  then  certainly 
f[.  >  9  -  B.     We  then  have  the  general  result  for  W(r)  >  0,  without  any  prior 
knowledge  of  rij  ,  that 

(U.U)  rX-^>  0  '  B,     0  <  B  <  Ti, 

where  B  is  determined  by  setting  -k  cot  B  equal  to  the  right  side  of  (U.3). 
Again,  while  the  consequence  of  (U.3)j  namely,  (U.U),  is  in  any  event  valid, 
equation  (i;.3)  itself  does  not  follow  unless  one  knows  that  ff,  <  9. 

The  above  technique  is  clearly  not  restricted  to  the  two  special  cases 
thus  far  considered.  It  is  almost  always  possible  to  obtain  a  lower  bound  on 
the  phase  shift;  one  can,  for  example,  compare  the  potential  under  consideration 
with  a  repulsive  inverse  square  law  potential.  Provi(3ed  that  one  can  evaluate 
P„T  if  ^^   is  known  that  the  phase  shift  lies  within  an  interval  9  of  the  lower 
bound,  where  9  is  less  than  n,  one  can  use  this  value  of  Pq-  in  an  attempt  to 
raise  the  lower  bound  without  the  knowledge  that  the  phase  shift  lies  within  the 
interval.  If  the  lower  bound  can  be  raised  in  this  manner,  one  can  then  proceed 
anew  from  the  improved  lower  bound.  In  this  way,  one  may  be  able,  so  to  speak, 
to  raise  oneself  by  one's  own  bootstraps.  Of  course,  at  each  step  it  must  be  possible 
to  evaluate  6„^  under  the  assumption,  which  need  not  be  true,  that  the  phase  shift 
lies  within  an  interval  9  of  the  new  lower  bound. 

5.  The  bootstrap  technique 

To  examine  the  bootstrap  technique  in  more  detail,  and  to  develop  it 
further,  consider  a  'potential'  W(r)  >  0.  VJhile  ultimately  it  is  only  s   bound 
on  jf,  that  is  being  sought,  it  id.ll  prove  useful  to  concern  ourselves  temporarily 
with  bounds  not  only  on  vL   ■=  6t(0),  but  on  6, (u)  for  a  range  of  values  of  |x.  With 
p  chosen  equal  to  W,  6.  (|x)  is  the  exact  L-th  phage  shift  associated  with  (1+(j,)W, 
For  |j,  >  -1,  it  is  of  course  time  that 
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(5.1)  ej_(ti)  >  6^(o)(ti)  £  Oj 

the  more  significant  point  is  that  this  lower  bound  can  be  raised  for  6j^(ti)  with 
p.  >  -1  exactly  as  was  done  above  for  6,(o).  Thus,  choosing  9  =  0,  and  thinking  of 
(l  +  ti)W  as  the  'potential'  rather  than  W,  we  write 

(5.2)  "!  k  cot  e^i[i)  <  k  cot  \j^i\J-)  -  J^oL^*^L  *  ^^'^^\l'^^ 

+  J[(l  +  n)V.il"^[(oCj^  +  nW)t^j^]^dr 

The  curly  brackets  around  the  equation  signify  that  while  the  inequality 
itself  may  or  may  not  be  true,  the  inequality  on  the  phase  shift  deduced  from  it 
is  truej  the  curly  bracket  notation  will  be  adhered  to  from  now  on.  (The 
condition  for  the  validity  of  ($.2)  for  any  specified  value  of  ti  is  of  course 
that  6t(h)  be  less  than  ti,  and  we  do  not  know  if  this  is  the  case.)  The  trial 
function  u_,  in  (5.2)  is  a  function  of  |i  as  well  as  of  r,  while  6^(iJ.)  is  the 
trial  L-th  phase  shift  associated  with  (1  +  ii)W  and  follows  from  the  specification 
of  u„-.  From  (5.2),  we  obtain  a  curve  5,   {\i)   for  ^i  >  -1  such  that 

(5.3)  5^^^)  >  5j^^^\n), 

where  0  <  6.^^ (p.)  <  n.  Equation  (5.3)  is  clearly  an  improvement  upon  (5.1 ).) 
In  many  cases,  '^  y\T  is  greater  than  n/2,  ttere  will  be  a  negative  value  of  ^, 
to  be  called  M-_ /o  t  j   ^°r  which 

(The  value  n/2  is  a  convenient  choice  as  will  be  seen  shortly,  but  it  is  not  a 
necessary  choice.)     Let  us  consider  a  case  for  which  such  a  value  of  [i  can  be 
found.     With  0'   =  it/2  normalization,   it  follows,   if  ?[j^  <  (3/2)n,   that 

(5.3^)  Pn/2,L  ^  •^r/2,L- 

This  enables  one  to  obtain  an  improved  lower  bound  on  fL,  whether  or  not  it  is 
in  fact  true  that  i^",  <  (3/2)ti  (see  Figure  2). 


-  20a  - 


C 

^^ 

o 

o 

•a 

3 

Vi 

o 

0) 

1 

x> 

•p 

•p 

.  t-l 

h 

« 

Is^ 

o 

J3 

» 

P. 

o 

>. 

■H 

iH 

tH 

Xi 

O 

% 

s 

£ 

•H 

o 

+5 

m 

•H 

ra 

■P 

M 

o 

a 

c 

u 

rH 

•H 

m 

o 

3 

g 

•H 

n 

2 

■p 

iJ 

c 

-P 

u 

0) 

o 

(0 

g 

«M 

e 

g 

— 

a< 

«H 

07 

£ 

•k 

c 

• 

•H 

o 

O 

g 

M 

M 

4S 

0) 

0) 
■P 

•V 

o 

£ 

-a 

a 

^ 

to 

-P' 

— V 

•H 

■H 

m  H 

1^4 

-p- 

--'1-^ 

1^ 

o 
o 

lO 

IC 

•% 

c 

o 

M^ 

-^ 

^ 

■P  o 

3 

--I-J 

o 

«M 

<£> 

X) 

o 

n 

<]} 

c 

0) 

Xi 

o 

t 

H 

(0 

8 

• 

-p 

•— X 

G 

«M 

d. 

(D 

o 

m 

"^ 

e 

o 

>o 

a 

c 

c 

S 

P3 

o 

CT 

m 

o 

0) 

13 

-P 

CO 

03 

d) 

O 

1 

a 

XI 

x; 

h 

o 

» 

w 

• 

.  »-=l 

o 

< 

IC 

l-l 

-  21  - 


As  a  concrete  example,  consider  L  =  0  scattering  by 

(5.6)  W(r)  -  W^  exp(-r/r^). 
With  6  »  0,  and  with  the  choice 

(5.7)  u  (n,r)  -  cos  kr  +  cot  ^^^(M')  sin  kr  -  y(iJ.,r), 

where  y(p.,o)  =  0  and  where  y(M.,r)  -»■  0  as  r  -^  oo,  equation  (5.?)  reduces  to 
/k  cot  6^(n)  <:  -  f(y'2-kV)dr  +  j  [(l+li)w]~^(y  +  k^y)^dT  >   . 

Choosing 

y(ti,r)  =  [l  +  C(r/r^)  +  D(r/r^)^]exp(-r/r^), 

where  C  and  D  can  be  functions  of  n,  we  find,  for  kr^  -*-  0, 


(5.8)   i 


where 


kr^  cot  6^(n)  <  f(C,D)  <l-g(C,D)j\l+n)  W^r^|"^>  j"  , 


(5.?)   f(C,D)  «=  -  r(2  -  2C  +  C^  -  2D  +  D^  +  CD), 


and  where 


(5.10)   g(C,D)  -  -(1  -  2C  +  2C^  +  l4D^)/f(C,D). 


It  follows  from  (5.3)  and  (5oU)  that  vl^/^  q  ^^   *^^*  value  of  \i   for  which  the 
right  side  of  (5.8)  vanishes,  (It  is  the  fact  that  the  right  side  then  vanishes, 
which  is  the  convenience,  mentioned  earlier,  associated  with  the  choice  ©  »  n/2.) 
From  (5.5)  and  (5.8),  we  then  find 

Pn/2,o  ^  -«-„/2,0  "  1  -  l.i^56(W^r/)-\ 
where  1.U56  was  obtained  by  maximizing  g(C,D),  defined  by  equations  (5.9)  and 
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(5.10),  Equation  (5.9)  has  meaning  only  if  p  /_   is  greater  than  0,  that  is, 

only  if  W^r^^  >  l.h56. 

We  now  fix  our  attention  upon  the  particular  munerical  value  W  r       =  25A. 

■K-  —  o  o  ' 

The  exact  solution  for  kr     ->•  0  is   then"  n     ->  n  +  2. LTD  kr  ,   so  that 

0  o  o 

tan  Yf^   A^q)  ->  2.170.  Equation  (5,9)   gives  ^^,^  ^   S  0,7670ii.  (The  exact 
value  of  p^  /g  ^,  which  in  this  case  i,';  that  value  of  p  for  which  the  phase  shift 
associated  with  (1  -  p)W^  is  tt/2,  is  0.7686.)  Note,  incidentally,  that  we  now 
know  that  ff^  =  6^(0)  >  6^(lJ.„/2  q)  >  n/2.  We  take  a  trial  function  of  the  form 

used  for  example  by  Huang l-5J^  but  with  kr^  ->  0,  and  normalized  to  9  =  7t/2,  that  is. 


(5.11)   (-^rQ)"\/2  o  '  ^  *  ^1  -(Ci+GgX+C^X^  +C^)  exp(-l)  +C^exp(-2X), 

where  X  =  r/r  ,  and  whore  C,  is  to  be  thought  of  as  (iA^q)  times  the  tangent  of 
the  trial  phase  shift..  This  trial  fimction  was  used  in  equation  (l.l),  first 
neglecting  and  then  including  the  (1/b)  term,  thst  is,  in  an  ordinary  variational 
calculation,  and  in  a  calculation  which  gives  a  'curly  bracket  lower  bound'  on 
tan  ff  /(kr  ).  The  bound  is  of  a  curly  brj^cket  type  because  we  proved  that  il 
was  greater  than  ti/2,  but  simply  assumed  tliat  ?{     was  less  than  (3/2)n.  The  bound 
deduced  on  T?  is  of  course  nevertheless  guaranteed  to  be  correct. 

The  coefficients  in  the  calculation  of  the  bound  were  detennined  by 

2 

minimizing  the  entire  expression  for  the  bound  rather  than  by  minimizing  e  .  There 

is  no  point  to  the  latter  procedure  here,  for  it  is  no  simpler  than  the  former  and 
must  give  a  poorer  bound  on  tan  X?  /(kr  ).  Further,  thiat  procedure  negates  one  of 
th.'  very  pleasant  features  associated  with  the  appropriate  use  of  the  Kato  formalism} 


* 


cf.  Morse  and  Feshbach'-  J,  p.  1688,  Note,  however,  that  these  authors  are  not 
concerned  with  multiples  of  n,  while  we  are,  in  the  present  work. 
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in  particular,  if  one  minimizes  the  entire  espression  for  the  bound,  the 

inclusion  of  more  parameters  in  the  trial  function  can  only  improve  the  bound, 

2 
while  if  one  minimizes  e  ,  the  inclusion  of  more  parameters  may  make  the  bound 

worse.   (The  situation  in  the  latter  case  is  then  of  the  same  nature  as  that  of 

2 
the  usual  variational  calculation).  Of  course,  one  might  still  minimize  e  if 

one  were  primarily  interested  in  an  accurate  wave  function  rather  than  in  an 

accurate  bound. 

The  results,  shown  in  Table  III,  are  about  as  might  be  expected.  Sinca 

the  true  value  of  ^  is  greater  than  tt  ,  a  number  of  coefficients  are  required 

even  for  the  variational  calculation  to  give  accurate  result sj  the  bound,  arising; 

from  a  vigorous  expression,  is  rather  conservative.  (On  the  other  hand,  for 

2 
somewhat  smaller  values  of  W  r  ,  quite  accurate  results  are  obtained  for  the 

o  o  '  ^ 

bound  as  well  as  for  the  variational  resiilt  with  three  or  even  two  parameters  in 

tl-ie  trial  function). 

The  only  rigorous  statement  that  follows  from  the  calculations  is  that 

Yl     is  greater  than  n  +  2.0'  kr  .  In  practice,  hovrever,  the  four  parameter 
o  c 

calculations  show,  through  the  fair  degree  of  consistency  of  the  four  values  of 
G  ,  C,,  the  variational  value  of  tan  7?  A^r  )  and  the  bound  on  tan  ^^QA^^r^)*  ^nd 
through  the  smallness  of  e  ,  that  in  fact  one  could  be  fairly  certain  that  the 
true  value  of  tan  TLAkr  )  or  ('Z  -  n)/(kr  )  is  close  to  2.1j5,  the  variational 
estimate.  This  would  be  the  case  even  if  we  could  not  obtain  some  upper  bound 

From  the  point  of  view  of  this  section,  however,  the  most  interesting 
result  of  these  calculations  is  that  it  has  been  possible  to  raise  the  lov;er 
bound  significantly,  in  particular  above  n,  without  recourse  to  a  knowledge  of 
the  phase  shifts  associated  with  any  other  potential.  In  effect,  we  have  used 
as  our  comparison  potential  the  potential  under  consideration,  but  with  varying 

strength, 

(2) 
In  principle,  one  can  introduce  5-^   (^l)  and  higher  curves,  but  in 

practice  this  would  probably  not  be  a  reasonable  procedure. 

The  discussion  of  Sections  h   and  S   can  also  be  immediately  applied  to 

the  case  in  which  one  has  an  upper  bound  on  i^y  and  a.^^   is  determinable  under 

the  assumption  that  yf,  lies  within  an  interval  9  of  this  upper  bound,  where  9 

is  less  than  n. 
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